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Abstract 

A review o f  ana ly t i ca l  methods and associated 
t o o l s  f o r  ac t i ve  cont ro ls  analysis and design 
problems i s  presented. 
develop mathematical models su i tab le  f o r  con t ro l  
system analysis and/or design are discussed. 
S ign i f i can t  e f f o r t s  have been expended t o  develop 
too l s  to.generate the models from the standpoint 
o f  con t ro l  system designers' needs and develop the 
t o o l s  necessary t o  analyze and design a c t i v e  
cont ro l  systems. Representative examples o f  these 
too l s  are discussed. Examples where r e s u l t s  from 
the  methods and t o o l s  have been compared w i th  
experimental data are a lso  presented. F i n a l l y ,  a 
perspective on fu tu re  t rends i n  analysis and 
design methods i s  presented. 

Approaches employed t o  

In t roduc t ion  

Act ive cont ro ls  technology o f f e r s  the  
po ten t i a l  f o r  r e a l i z i n g  economic and performance 
bene f i t s  from a i r c r a f t  con f igura t ions  t h a t  would 
be unacceptable by t r a d i t i o n a l  design standards. 
Through i n t e r d i s c i p l i n a r y  e f f o r t s ,  espec ia l l y  
among cont ro ls  spec ia l i s t s  and aeroelast ic ians,  a 
new concept i s  evo lv ing  f o r  a i r c r a f t  design i n  
which both a i r c r a f t  s tab i  1 i t y  and s t ruc tu ra l  
i n t e g r i t y  are dependent on the operat ion o f  an 
ac t i ve  cont ro l  system. Because ac t i ve  con t ro l s  
analyses span the t r a d i t i o n a l  d i s c i p l i n e s  o f  
s t ruc tu ra l  dynamics, aerodynamics (both steady and 
unsteady), propuls ion (propuls ion w i l l  no t  be 
considered i n  t h i s  paper), and cont ro l  theory, a 
common format f o r  the math models i s  required.1 
The in teg ra t i on  o f  these t r a d i t i o n a l  d i sc ip l i nes  
i s  maturing i n t o  a new d i s c i p l i n e  termed by many 
as aeroservoelast ic i ty.  

design) have been evo lv ing  f o r  some time.2-9 
design, the problem i s  the  synthesis o f  a cont ro l  
law t h a t  regulates the dynamics o f  the system such 
t h a t  measures o f  performance (e.g. s t a b i l i t y ,  
loads, t rans ien t  response, etc.) are acceptable. 
I n  analysis, the cont ro l  Taw already e x i s t s  and 
ana ly t i ca l  methods are employed t o  assess the 
performance o f  the  ove ra l l  con t ro l l ed  system. 

To take f u l l  advantage o f  ac t i ve  cont ro l  
technology, con t ro l  law synthesis and ana lys is  
must be an i n teg ra l  p a r t  o f  the a i r c r a f t  design 
process. This requires e f f i c i e n t  methods and 
accompanying t o o l s  tha t  w i l l  enable the  ac t i ve  
con t ro l s  designer rou t i ne l y  t o  synthesize and 
analyze complex cont ro l  systems. A s i g n i f i c a n t  
amount o f  work has been performed t o  develop 
ana lys is  and synthesis methods and t o o l s  f o r  t h i s  
task. Much o f  the  NASA ac t i ve  cont ro ls  research 

The ana ly t i ca l  methods (both analysis and 
In  

involvement has been a t  the  f o r e f r o n t  o f  these 
developments. 

i s ,  as always, very important, several exper i -  
mental studies have been performed t o  date.10-17 
These experimental studies have ranged from wind- 
tunnel t e s t s  t o  subscale f l i g h t  t e s t s  t o  f u l l -  
scale f l i g h t  tests. 
wind-tunnel t e s t s  have emphasized f l u t t e r  
suppression whereas the  ma jo r i t y  o f  the f l i g h t  
t es ts  have emphasized other a c t i v e  con t ro l  
concepts such as relaxed s t a t i c  s t a b i l i t y ,  
maneuver and gust load a l l e v i a t i o n ,  etc. 

Since the va l i da t i on  o f  ana ly t i ca l  methods 

The ma jo r i t y  o f  the 

The purpose o f  t h i s  paper i s  t o  describe the  
development and va l i da t i on  o f  ana ly t i ca l  methods 
f o r  app l i ca t i on  t o  ac t i ve  cont ro ls  technology. 
A1 though various ana ly t i ca l  methods w i l l  be 
mentioned, emphasis i s  given t o  the methods 
developed a t  the NASA Langley Research Center. A 
few representat ive examples o f  studies t o  
co r re la te  analysis and experimental data are 
presented. F ina l l y ,  some fu tu re  trends i n  
ana ly t i ca l  methods w i l l  be discussed. 

Nomenclature 

i 
J 

ES 
L 
M 
NO 

P 

Q 
d i  ,Qz 
9 
Rn 
S 
t 

U 
U 

rea l  aerodynamic approximation 
matr ices 
p lan t  matr ices 
c o n t r o l l e r  matr ices 
augmented p lan t  ma t r i x  
augmented input  ma t r i x  
reference length  
output mat r i x 
cont ro l  law optimum gain mat r ix  
viscous damping ma t r i x  
expected value 
response t rans fe r  func t ion  ma t r i x  
modal t r a n s f e r  func t ion  mat r ix  

cost  func t ion  
generalized s t i f f n e s s  mat r ix  
reduced frequence, b / V  
Kalman f i l t e r  gain ma t r i x  
generalized mass ma t r i x  
average no. o f  p o s i t i v e  zero 
crossing 
nondimensional Lap1 ace v a r i  ab1 e, 
bs/V 
force vector func t ion  
weight ing matrices 
dynamic pressure 
noise i n t e n s i t y  ma t r i x  
Laplace operator 
t ime 
p lan t  inpu t  vector 
system inpu t  func t ion  vector 

Jri 
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v 

Z(X,Y ,t) 

B i  
6 

v e l o c i t y  
gust vector 
measurement noise vector 
vector o f  s ta te var iables 
augmented s t a t e  covariance matr ix  
vector o f  c o n t r o l l e r  states 
output vector 
v e r t i c a l  displacement a t  p o i n t  
(x,y) a t  time, t 
aerodynamic lag  terms 
contro l  surface d e f l e c t i o n  
actuator output 
actuator input  
j t h  mode shape 
gust input  power spectrum 
phase angle 
noise vector 
rms value 
c i r c u l a r  frequency 
j t h  generalized coordinate vector 
damping c o e f f i c i e n t  

Equations o f  Motion 

Modeling the dynamics o f  an a c t i v e l y  
contro l  led f l e x i b l e  vehic le  i s  a m u l t i d i s c i p l i n a r y  
task. St ructura l  dynamics, unsteady aerodynamics, 
and contro l  elements are required. St ructura l  
dynamics, unsteady aerodynamics, and contro l  
system in te rac t i ons  can be represented by 
second-order frequency domain or f i r s t - o r d e r  
slate-space (time domain) equations. 
which i l l u s t r a t e s  the development o f  these 
equations i s  shown i n  f i g u r e  1. A descr ip t ion o f  
the development o f  the mathematical models 
fo l lows. 

A flow cha r t  

St ructura l  Dynamics 
The s t ruc tu ra l  dynamics for  a f l e x i b l e  

a i rp lane can be formulated using Lagrange's 
equations.18 
dynamics can be represented by a f i n i t e  number of 
modes. By the method o f  separation o f  var iables,  
the motion i s  assumed t o  be the product o f  a shape 
funct ion and a time function. 

It i s  normally assumed t h a t  the 

I f  a l l  o f  the s t ruc tu ra l  damping i n  the a i r c r a f t  
i s  assumed t o  be viscous i n  nature, then the 
equations o f  motion car: be w r i t t e n  as 

The forces on the r i g h t  hand s ide o f  equation 2 
are a r e s u l t  o f  aerodynamic forces due t o  a i r c r a f t  
motion, turbulence, and con t ro l  surface motions 
and forces due t o  actuator motions. 

Unsteady Aerodynamic Forces 
Unsteady aerodynamic forces are normal l y  

computed as tabular  funct ions o f  Mach number and 
the complex var iab le p=sb/V. Programs cu r ren t l y  
avai lab le f o r  production-generation of  aerodynamic 

ces can only perform the computations f o r  p= 
bw/V.19320 This i s  prec ise ly  the form 

requi red f o r  frequency response computations O r ,  

f o r  s tab le systems, for  computing a s t a t i s t i c a l  
measure o f  the response t o  random inputs. 
However, q(p) i s  needed for  i nves t i ga t i ons  o f  
system s t a b i l i t y .  This po in t  w i l l  be discussed 
fu r the r  i n  a l a t e r  sect ion e n t i t l e d  "S tab i l i t y . "  

The concept o f  ana ly t i c  cont inuat ion6 can 
be employed t o  develop an approximation t o  the 
aerodynamic forces f o r  a r b i t r a r y  motion (i,e., a 
funct ion o f  p) i n  terms o f  known aerodynamic 
forces f o r  o s c i l l a t o r y  data. l~4*6,21 The most 
widely used form i s  

(3)  

The real  coe f f i c i en ts  are determined, subject  t o  
any imposed const ra in ts  (e.g., Ao associated 
w i t h  r ig id-body l i n e a r  displacement should be 
zero) , such that  the e r r o r  between the approxi - 
mation and the known tabular  data i s  minimized 
(e.g., i n  a l eas t  squares sense)1,4,21 

The mot ivat ion f o r  the ra t i ona l  approximation 
o f  equation 3 i s  t o  enable the equations o f  motion 
t o  be transformed t o  a set  of  constant-coeff icent 
f i r s t - o r d e r  d i f f e r e n t i a l  equations t h a t  are 
amenable t o  analysis by e f f i c i e n t  l i n e a r  systems 
techniques. Such a transformation w i l l  be defined 
i n  a sect ion e n t i t l e d  "State Space Equations o f  
Mot i on. " 

Control System 
Control system equations are normally 

described by t rans fe r  functions. Standard 
transformation techniques can be employed t o  
transform the t rans fe r  funct ion representat ion t o  
a state-space representation, The general 
re la t i onsh ip  between actuator outputs and inputs  
can be expressed as 

(4) 

The d e f i n i t i o n  o f  these matr ices w i l l  be given i n  
the next section. 

I Overall System 
By combining the s t r u c t u r a l  dvnami cs,  

unsteady aerodynamics , and contro l -  system- 
representations, the equations of  motion i n  the 
frequency domain (see f i gu re  2a f o r  a block 
diagram) can be w r i t t e n  as 

where 

DV 
4 
V 
b 
p=sb/V 

viscous damping c o e f f i c i e n t  
dynamic pressure 
a i r c r a f t  speed 
reference length 
nondimensi onal Laplace va r iab le  
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general i zed aerodynamic force 
input  t o  sensor i r e s u l t i n g  from 
motion i n  the j t h  generalized 
coordinate 
%xN mat r i x  o f  modal 
coefc) ic ients r e l a t i n g  actuator 
displacement t o  generalized 
coordinates 
i$xNS matr ix  r e l a t i n g  actuator 
hinge moment outputs t o  sensor 
inputs. This matr ix  contains 
sensor, cont ro l  l og i c ,  and actuator 
dynamics. 
&xNg mat r i x  r e l a t i n g  actuator 
hinge moment outputs t o  actuator 
displacements. 
fysxN8 diagonal matr ix  o f  
t rans fe r  funct ions r e l a t i n g  actuator 
hinge moment outputs t o  actuator 
displacements 
NsxNS diagonal matr ix  o f  
t rans fe r  funct ions r e l a t i n g  sensor 
outputs t o  sensor inputs  

xN matr ix  o f  modal 

outputs t o  generalized forces 
commanded (e.g., p i l o t )  inputs  t o  
actuators 
outputs from actuators 
gust ve loc i t y  input  

T d S )  

FD 
coef v i c i e n t s  convert ing hinge moment 

6 Com 

& A  
wg 

An a l te rna te  form o f  the equations of ten used 
f o r  s i m p l i c i t y  neglects aerodynamic hinge moments 
and hinge moments due t o  i n e r t i a l  coupl ing between 
contro l  surface and basic wing degrees o f  freedom 
and a lso assumes i n f i n i t e  s t i f f n e s s  o f  the backup 
structure.  I n  t h i s  case contro l  surface 
def lect ions are given by 

6 = Tt i (s)C(sk + TA(s)gcom ( 6 )  

The dimension o f  6 i s  Ngxl and T6 i s  a 
ma t r i x  o f  t rans fe r  funct ions r e l a t i n g  contro l  
def lect ions t o  sensor inputs.  The r e s u l t i n g  
equations can be expressed as 

State Space Equations o f  Motion. Under the 
assumption t h a t  the approximation i n  equation (3) 
i s  v a l i d  f o r  po ints  o f f  the imaginary axis,  l i n e a r  
t ime- invar iant  equations o f  motion can be w r i t t e n  
i n  the form (see f i g u r e  2b f o r  a block diagram) 

* 
X = AX + B ~ u  + wg 9 
Y = C X + Y ,  

e 

(9) 
x, = %XC + q v  
u = ccxc 4. Ucom 

where 

nL x nc s tates associated 
w i t h  the unsteady aerodynamic 
force representat ion 
s tates representing sensor 
dynamics t rans fe r  funct ions 
s tates represent ing actuator 
t r a n s f e r  funct ions 
gust states represent ing a 
f i l t e r  which converts whi te 
noise input  t o  a gust v e l o c i t y  
having a power spectral  densi ty 
approximating atmospheric 
turbulence 
commanded con t ro l  inputs  
uncorrelated zero mean, 
whi te  noise processes w i t h  
i n t e n s i t i e s  Rg and h, 
respect ive ly  
s ta tes represent ing the 
con t ro l  l o g i c  
matr ices i n  s ta te  space 
representat ion o f  the contro l  
l o g i c  

Analysis Methods 

Analysis consists o f  so l v ing  the equations o f  
motion f o r  quan t i t i es  tha t  provide informat ion on 
the performance o f  the ac t i ve  con t ro l  system. An 
ac t i ve l y -con t ro l l ed  f l e x i b l e  a i r c r a f t  may requi re 
analysis o f  many d i f f e r e n t  measures of 
performance. Figure 3 shows p l o t s  t yp i ca l  of 
those used t o  assess the performance o f  an a c t i v e  
contro l  system. A l l  o f  these p l o t s  w i l l  probably 
be examined dur ing the design o f  an ac t i ve  COntrOl 
system. 

ac t i ve l y -con t ro l l ed  f l e x i b l e  a i r c r a f t  can be 
d iv ided i n t o  two major categories. 
category involves c lass i ca l  methods defined i n  
t h i s  paper where the frequency-domain formulat ion 
o f  the equations of  motion i s  used. The second 
category involves modern methods defined i n  t h i s  
paper where the state-space formulation of the 
equations o f  motion i s  used. A l l  o f  the 
quan t i t i es  t h a t  are needed t o  assess the 
performance o f  an ac t i ve  contro l  system can be 
found using e i t h e r  c lass i ca l  o r  modern methods. 
However, one method may be be t te r  su i ted t o  
evaluate c e r t a i n  quant i t ies .  Techniques used i n  
both categor ies o f  analysis methods w i l l  be 
described. 

Classical  Analysis Methods 
As stated previously,  c lass i ca l  analys is  

methods normally u t i 1  i z e  the frequency domain 
formulat ion o f  the equations o f  motion. 
Equation 5 can be w r i t t e n  as 

The analysis methods employed f o r  an 

The f i r s t  

- 
H(s)~ = F(S)U 
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The (-) represents a closed-loop quant i ty.  

The unsteady aerodynamic fo rce  
matr ices are cu r ren t l y  only ca lcu lated a t  s=iw . 
(Reference 22 describes an approach which would 
a l low d i r e c t  computation o f  Q ( s ) . )  The a v a i l a b i l -  
i t y  o f  only Q(iw) creates a problem i n  so l v ing  f o r  
the eigenvalues o f  H(s). 
commonly emplo ed t o  circumvent t h i s  
d i  f f i CUI ty .4.23 

eigenvalues, i s  t o  assume 

Stabi 1 i t y  . 

Two approximations are 

One approximation, v a l i d  f o r  lowly  damped 

Q ( s )  .I q(O+iw) = Q(iVk/b) (11 )  

and approxiygte eigenvalues are found by using the 
p-k method. 
t o  solve 

When the p-k method i s  employed 

1H(s)I = det T[(s) = 0 

Q ( i k )  i s  a nonlinear, tabular  funct ion o f  k. 
Consequently, so lu t ions can only be obtained by an 
i t e r a t i v e  process. 

The other approach i s  t o  make a r a t i o n a l  
s-plane approximation 

as i n  equation 3. 
one has Q(s)=Q(Vp/b) i s  commonly termed the p-p 
method. 
the equations o f  motion as i n  equation 8 i n t o  a 
standard eigenvalue form. 
procedure and standard eigenvalue (state-space) 
methods produce i d e n t i c a l  resul ts .  

Figure 4 (from ref .  24) shows e l a s t i c  mode 
eigenvalue l o c i  as a funct ion o f  feedback gain f o r  
a s ingle- input-s ingle-output cont ro l  law. Curves 
are shown tha t  were obtained by the p-k and the 
p-p methods. 
by the two methods increase as damping r a t i o  
increases. 
po in t  i s  due t o  the f a c t  t h a t  Q(iw) d i d  not f i t  
the Q( iw )  data prec ise ly  a t  the f l u t t e r  
frequency. 

Robustness. The p lan t  and c o n t r o l l e r  
input/output t rans fe r  matrices can be w r i t t e n  as 

Y = T( i w ) C (  i w ) H - l  ( iw)  F( i w ) U  = Gs( iw)dA+Gwgwg 

sA = K(iw)Y + TA(iw)Gcom 

past, r e l i e d  heavi ly  upon Bode p l o t s  of p a r t i c u l a r  
elements o f  % and K and a lso upon Flyquist p l o t s  
o f  elements o f  the loop t rans fe r  matr ix  C&K. 

The c lass i ca l  formulat ion i s  a lso p a r t i c u l a r -  
l y  wel l  su i ted f o r  analys is  of  the eigenvalues and 
s ingular  values o f  the loop t rans fe r  and re tu rn  
d i f f e rence  matrices. I n  the c lass i ca l  formulat ion 
no s-plane approximation (w i th  accompanying addi-  
t i o n a l  s ta tes)  i s  needed and experimental frequen- 
cy response data f o r  dynamic elements such as 
actuators and sensors can be u t i  1 i zed d i r e c t l y  
wi thout adding addi t ional  s ta tes t o  represent 
them. Use of the c lass i ca l  approach t o  perform 

Eigenvalue determination where 

When Q ( s )  i s  employed, one may transform 

Then the i t e r a t i v e  p-p 

Differences between the l o c i  found 

The s l i g h t  d i f f e rence  a t  the f l u t t e r  

(12) 

Classical  analysis techniques have, i n  the 

the s ingular  value computations i s  described i n  
reference 25. 

Stochastic response. Classical  analyses are 
t y p i c a l l y  performed t o  examine a s t a t i s t i c a l  
character izat ion o f  loads due t o  turbulence a t  
c r i t i c a l  locat ions i n  an aeroelast ic  s t ruc-  
ture.26,27 H i s t o r i c a l  data have been used t o  
es tab l i sh  c e r t a i n  guidel ines that, i f  followed, 
r e s u l t  i n  a safe structure.  With the advent o f  
ac t i ve  controls,  these guidel ines have been 
appl ied f o r  closed-loop cases. 
have been extended, somewhat a r b i t r a r i l y ,  t o  
es tab l i sh  s t a t i s t i c a l  cont ro l  power c r i t e r i a - 2 8  

If the gust input  i s  a Gaussian random 
process, then two quan t i t i es ,  u ( the rms value) 
and No ( the average number of p o s i t l v e  zero 
crossings),  suf f ice t o  describe the output 
response t o  the turbulence exc i ta t i on .  
quan t i t i es  can be w r i t t e n  as 

The guidel ines 

These 
~ 

where @w9 1'; the gust input  power spectrum. 

Determin is t ic  response. As s tated before, 
the unsteady aerodynamic matrices are ca lcu lated 
only for  s=iw (steady-state o s c i l l a t o r y  motion) 
and the equations o f  motion are w r i t t e n  i n  the 
frequency domain. Four ier  transform techniques 
provide a method by which determin is t ic  response 
cart be obtained from the so lu t i on  of the frequency 
domairi formulat ion o f  the equations o f  motion. 

transform techniques can be separated i n t o  three 
phases. F i r s t ,  the fo rc ing  funct ion (defined i n  
the time domain) i s  transformed i n t o  the frequency 
domain. Second, the responses are computed i n  the 
frequency domain. Third, the responses ( i n  the 
frequency domain) are transformed back t o  the time 
domain. Reference 29 gives a complete descr ip t ion 
of t h i s  method t o  ca lcu late de te rm in i s t i c  
responses. 

- Modern Methods 

state-space representat ion include block- 
d iagonal izat ion,  c o n t r o l l a b i l i t y  and observ- 
a b i l i t y ,  eigenvalue/eigenvector, covariance, f r e -  
quency response, t ime response , and robustness. 

coupled matr ix.  The coupl ing i s  due t o  presence 
o f  the aerodynamics and actuator dynamics. 
1 inear transformation can be used9 t o  transform 
the system t o  block diagonal form. The diagonal 
blocks are composed o f  the rea l  and imaginary 
pa r t s  of the eigenvalues o f  each mode. The 
transformed B and C matr ices provide informat ion 
regarding the degree o f  c o n t r o l l a b i l i t y  and 
observabi 1 i ty o f  each state. 

The cha rac te r i s t i c  roots  o f  the system can be 
obtained by computing the eigenvalues o f  the 
matr ix  A and may be p l o t t e d  f o r  varying dynamic 
pressures or other parameters t o  provide roo t  l o c i  
o r  parametric s t a b i l i t y  information., NO 

Determin is t ic  response analys is  by Four ier  

The commonly conducted analyses using the 

The matr ix  A (eq. 8) i s  normally a h igh l y  

A 
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determinant i t e r a t i o n  i s  required (un l ike the p-k 
o r  p-p methods). 

For a stable system the root  mean square 
(rms) response to  a s tat fonary whl te nolse nput 

The computation involves so lu t i on  o f  a steady- 
s t a t e  Lyapunov equation 

n ( t )  I s  obtained using covariance analysis. l o  

%Xa + XaAa' t BaR,,BaR' = 0 

where Xa i s  the covarian e ma t r i x  o f  the 

i n t e n s i t y  matrix. The square roo t  o f  the diagonal 
terms o f  the Xa mat r i x  are the rms values o f  
each state. I n  c lass i ca l  analysis,  the rms values 
are obtained by numerical ly i n t e g r a t i n g  the 
power-spectral densi ty over a f in i te- f requency 
domain. 

u ( t )  i s  given by 

augmented s ta te  vector IX i } and ft,, i s  the noise 
C 

The t i m e  response t o  a determin is t ic  i npu t  

Th computation o f  the s ta te  t r a n s i t i o n  matr ix  
$! can be f a c i l i t a t e d  by block diagonal t rans-  
formation o f  the n la t r ix  A. 
h i s to r i es ,  the t i m e  i n teg ra t i on  can be performed 
ana ly t i ca l l y .  

For c e r t a i n  u ( t )  t ime 

Design Methods 

A f low chart  o f  the ove ra l l  cont ro l  law 
design process i s  shown i n  f igure 5. 
element o f  the process i s  the se lect ion o f  design 
object ives (i.e., s t a b i l i t y  margins, maximum 
al lowable s t ruc tu ra l  and con t ro l  loads, etc.). 
The second element i s  the se lect ion o f  a design 
po in t  (i.e., Mach number and a l t i t u d e ) .  The t h i r d  
element i s  the synthesis o f  the con t ro l  law. 
There are several approaches t o  t h i s  key element 
i n  contro l  law design. Among the approaches are 
c lass i ca l  cont ro l  theory, modern contro l  theory, 
numerical o imizat ion methods, the me hod o f  
const ra in ts9I ,  least-squares s nthes is je ,  and 
the  aerodynamic energy method.$ The f i r s t  three 
approaches t o  t h i s  key element w i l l  subsequently 
be discussed. The next element, analysis,  
provides informat ion on the performance o f  the 
contro l  law a t  of f -design condi t ions.  I f  the  
design object ives are not met, then a gain 
scheduler, which may be a funct ion of Mach number 
and/or dynamic pressure, i s  evaluated. If use of  
a gain scheduler w i l l  s t i l l  not  r e s u l t  i n  meeting 
the design object ives,  the contro l  law synthesis 
element i s  reentered. 

Classical  methods. Classical  design tech- 
niques based on roo t  rocus o r  Bode p l o t s  have been 
appl i e d  p r i m a r i l y  t o  sing1 e - i  nput-s i  ngl  e-output 
(SISO) problems or t o  mult i - input-mult i -output  
(MIMO) problems where the coup1 ing  between loops 
was s u f f i c i e n t l y  weak t o  a l low the design t o  be 
t reated as a sequence o f  s ingle- loop problems. 
such cases, the c lass i ca l  techniques al low d i r e c t  
manipulation o f  loop gain margins, phase margins, 
etc. Hecent c lass i ca l  MIMO design technique 
development includes the c h a r a c t e r i s t i c  l o c i  
approach33 and design i n  a transformed domain 
where input/output pa i r s  are approximately 

The f i r s t  

I n  

decoupl ed. 34 Stable nomi nal  c l  osed-loop systems 
can be obtained usfng these approaches. However, 
addi t ional  computations are required t o  quan t i f y  
robustness ha rac te r i s t i cs .  Tests have been 

(s lngu la r  values) and p r i n c i p a l  phases o f  the loop 
t rans fe r  matr ix.  These t e s t s  are less conserv- 
a t i v e  than robustness t e s t s  based so le l y  upon 
s ingular  values. 

i d e n t i  f led3 s which involve both principal gains 

which u t i l i z e  f r a c t i o n a l  representat ion theory sb Recently, c lass i ca l  ( input /output )  approa es 

have been developed which a l low a parametric d e f i -  
n i t i o n  o f  the c lass  o f  a l l  s t a b i l i z i n g  c o n t r o l l e r s  
f o r  a given p lan t .  
varying the f r e e  c o n t r o l l e r  parameters t o  seek a 
more des i rab le subset, t h a t  the s t a b i l i t y  o f  the 
nominal closed-loop'system i s  preserved. 

Modern methods. The most popular modern con- 
t r o l  theory method i s  the Linear Quadratic 
Gaussian (LOG) meth0d.3~ Because o f  the h igh 
order o f  the model f o r  a f l e x i b l e  a i r c r a f t ,  a mod- 

oped. ificab138 A block diagram o f  the Modif ied LQG 
design method i s  shown i n  f i gu re  6. 
state-space model i s  generated, the f i r s t  step i n  
t h i s  approach i s  a f u l l - s t a t e  feedback design. 
Fu l l - s ta te  feedback provides for  the minimizat ion 
of a quadrat ic cost funct ion o f  the output and 
contro l  vectors. To f i n d  the optimal f u l l - s t a t e  
feedback contro l  law, the quadrat ic cost  funct ion 

Thus one can be assured wh i l e  

o f  the basic LOG method was devel- 

A f t e r  a 

J = E I X T Q I X  + u ~ Q ~ u ]  

i s  minimized. This leads t o  a contro l  law o f  the 
form 

u = -ccox 
where Cco i s  the f u l l - s t a t e  feedback gain 

matrix.30 D i rec t  measurement o f  a l l  s ta te  v a r i -  
ables o f  an aeroelast ic  system i s  not  feasible. 
Therefore, i n  the next step, a Kalman est imator i s  
used t o  estimate the s t a t e  var iab les from a v a i l -  
able measurements. 

The est imator dynamics are given by 

kc = [ A-BuCco - L C ] k  t LY 

where L i s  the Kalman est imator gain matrix.30 
However, systems designed using a Kalman est imator 
can have poor gain and phase margins and an 
undesirable high bandwidth. To improve the sta- 
b i l  i t y  margins dur ing the est imator design the 
" input  noise" procedure of Doyle and Stein39 
can be used. 

Equations (17) and (18) (w i th  X replaced by 
i t s  minimum variance estimate X J  c o n s t i t u t e  the 
optimal c o n t r o l l e r  which has the same order as the 
p lan t  model used f o r  the synthesis. As s tated 
previously,  i n  the case of a f l e x i b l e  a i rp lane 
model t h a t  contains a l a rge  number o f  s t r u c t u r a l  
modes, unsteady aerodynamic l a g  states, and actu- 
a to r  states,  the high order o f  the optimal con- 
t r o l l e r  imposes an unnecessar i m  lementat ion 
burden. 
shown t h a t  a reduced-order c o n t r o l l e r  t h a t  
approximates the f u l l  -order optimal c o n t r o l l e r  can 
be found and used w i t h  l i t t l e  degradation i n  the 
c l  osed-1 oop performance. 

Several sources9,25 ,37 3 38,40941 have- 
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The transformation o f  the c o n t r o l l e r  t o  block 
diagonal form can be used t o  help se lec t  the 
s ta tes  tha t  are t o  be retained dur ing the con- 
t r o l l e r  reduct ion process. A modal res idua l i za -  
t i o n  technique9 can be used t o  reduce the order 
o f  the con t ro l l e r .  

w i th  an evaluat ion model t o  examine i t s  perform- 
ance. 
there are three paths t h a t  can be taken. 
d i f f e r e n t  set  o f  design var iab les /cont ro l le r  order 
can be selected, the noise i n t e n s i t i e s  can be 
changed, o r  the weighting matr ices can be changed 
and the opt imizat ion and analysis steps repeated. 
The se lec t ion  o f  which path t o  take i s  based on 
engineering judgment. 

The reduced-order c o n t r o l l e r  i s  then analyzed 

I f  the design ob jec t ives  are not met, then 
A 

Numerical Optimization Method. A block 
diagram o f  the numerical op t im iza t ion  method i s  
shown i n  f i gu re  7. 
design i s  t o  provide a closed-loop system t h a t  
meets performance speci f icat ions.  
therefore, tha t  the process be i n i t i a t e d  by 
s t i p u l a t i o n  o f  the design object ives.  
ob jec t ives  can be expressed as i nequa l i t y  
cons t ra in ts  on var iables such as s ingu la r  values 
of the re tu rn  di f ference mat r ix  con t ro l  pos i t i on  
and r a t e  l i m i t s ,  loads, e t ~ . 2 7 * ~ 2 , ~ 3  

The powerful LQG methodology can be employed 
t o  obtain a candidate s t a b i l i z i n g  f u l l  -order 
con t ro l l e r .  I n  t h i s  phase o f  the design e f f o r t  a 
s ta te  space model o f  the p lan t  i s  employed. It 
should be noted that the p lan t  may contain 
augmented states associated w i th  cont ro l  l o g i c  
introduced t o  s a t i s f y  p a r t  of the design 
c r i t e r i a .  A t  t h i s  po in t  one may choose e i t h e r  t o  
r e f i n e  the design w i t h i n  the MLQG block described 
i n  the previous sect ion or t o  e x i t  t h i s  block w i th  
a candidate reduced-order con t ro l l e r .  

The next step i s  t o  se lec t  parameters i n  the  
c o n t r o l l e r  which may be employed as design 
var iables (e.g., poles and zeroes or  c o e f f i c i e n t s  
o f  polynomials). 
c o n t r o l l e r  as a mat r ix  of t rans fe r  funct ions since 
a s ta te  space representation i s  not essent ia l  i n  
the remaining blocks o f  t h i s  synthesis method. 
Note the a l te rna te  path t o  t h i s  po in t  which admits 
the p o s s i b i l i t y  o f  beginning with a given 
c o n t r o l l e r  form t o  be spec i f ied  by the designer. 
The a l te rna te  path might be selected t o  modify an 
e x i s t i n g  c o n t r o l l e r  when the p lan t  has changed or  
t o  develop a scheduling f o r  selected c o n t r o l l e r  
var iables t o  improve performance a t  off-design 
condi t i  on5 . 

The analysis o f  c o n t r o l l e r  performance f o r  a 
given set o f  values o f  the design var iab les  can be 
performed by using both c lass i ca l  and s ta te  space 
methods. I n  the former case, one can avoid the 
s-plane approximation, d i r e c t l y  u t i l i z e  
experimental frequency response representations o f  
dynamic elements, and more read i l y  inc lude the  
evaluat ion model i n  robustness assessments. I n  
the l a t t e r  case, one can more r e l i a b l y  ob ta in  
eigenvalues i f  they are needed t o  evaluate 
e x p l i c i t  cons t ra in ts :  t he  state-space formul a t i on  
may al low more e f f i c i e n t  computation o f  s t a t i s t i c a l  
o r  de termin is t i c  dynamic response 
charac ter is t i cs .  State-space formulations are 
also more su i tab le  f o r  ana ly t i c  computations o f  

The ob jec t ive  o f  c o n t r o l l e r  

It i s  na tura l ,  

These 

One may wish t o  express the  

the  s e n s i t i v i t i e s  o f  constraint; variables, t o  
va r ia t i ons  of c o n t r o l l e r  design parameters. 

The search f o r  a sa t i s fac to ry  c o n t r o l l e r  can 
be automa d by using a nonl inear programing 
a l g o r i t h m i f ~ 4 ~ * 4 6  t o  determine how t o  increment 
the  design variables. The search proceeds i t e r a -  
t i v e l y  and, i f  a design which s a t i s f i e s  the c r i -  
t e r i a  i s  found, the process i s  terminated. 
admits e x p l i c i t  considerat ion o f  the c r i t e r i a  
w i t h i n  the  design algorithm. 
search f a i l s  t o  achieve the design objectives, one 
must try a l te rna te  design variables, o r  modify the  
c o n t r o l l e r  form or  re lax  the design c r i t e r i a  o r  
some combination thereof. 

It 

I f  the  i t e r a t i v e  

Tools 
I_ 

Sign i f i can t  e f f o r t  a t  the  NASA has been 
appl ied toward developing too l s  t o  help the a c t i v e  
cont ro ls  designer i n  the synthesis and analysis o f  
complex ac t i ve  cont ro l  systems. These e f f o r t s  
have resu l ted  i n  the development, e i t h e r  by the 
NASA or  under the NASA sponsorship, o f  a number o f  
computer programs. Three o f  these programs w i l l  
be described i n  some depth and several others w i l l  
be i den t i f i ed .  

Analy;;;cTo_o:s 

and Controls. 
ac t i ve  cont ro l  systems, i t  i s  necessary t o  

n te rac t i on  of Structures, Aerodynamics 
To f a c i ~ l i t a t e  the  analysis ot  

describe numerical ly, the i n te rac t i on  between 
s t ruc tu ra l ,  aerodynamic, and con t ro l  forces. This 
i n te rac t i on  i s  described i n  terms o f  s t a b i l i t y  and 
response charac ter is t i cs .  This capab i l i t y ,  i n  the 
form o f  a computer program system, has been 
assembled and ackaged and i s  i d e n t i f i e d  by the 
acronym ISAC.4? The system i s  i n  r e a l i t y  an 
assembly o f  several programs t i e d  together through 
a common data complex as shown i n  f igure  8. 

t i c s  obtained separately by any su i tab le  v ib ra t i on  
analysis program t o  the aero/structure i n te r face  
(DLIN i n  f igure  8) where modal de f lec t ions  and 
slopes are calculated a t  po in ts  required by a sub- 
sonic doublet l a t t i c e  code.48 General {zed aero- 
dynamic forces f o r  purely o s c i l l a t o r y  motion are 
then computed as a func t ion  o f  reduced frequency 
and Mach number by using the doublet l a t t i c e  code 
(DLAT i n  f fgure  8). A l te rna t i ve l y ,  both the 
aero/structure i n te r face  and the doublet l a t t i c e  
code may be bypassed and unsteady aerodynamic 
forces may be input  (through the Data Complex 
Manager (DCM) i n  f i gu re  8) from another source. 

The equations o f  motion are represented i n  
e i t h e r  the frequency domain o r  state-space 
formulation. Sensor, actuator, and c o n t r o l l e r  
dynamics can be characterized e i t h e r  i n  terms o f  
t rans fe r  matrices or a corresponding state-space 
representation. 
response (DYNARES i n  f i g u r e  8) analyses can be 
performed w i t h i n  ISAC - s t a b i l i t y ,  stochast ic 
response, de termin is t i c  response, o r  frequency 
response. 

An automated c a p a b i l i t y  t o  determine 
eigenvalue l o c i  as a func t ion  o f  a l t i t u d e ,  
density, ve loc i ty ,  o r  gain i s  included i n  the 

An analysis proceeds from modal charac ter is -  

Four basic types o f  dynamic 
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s t a b i l i t y  analysis. I f  the frequency domain 
formulat ion I s  being employed, the l o c i  are 
obtained e i t h e r  by a determinant or a matr ix  
i t e r a t i o n  process wi th  Q=Q(ik)  (p-k method) o r  
Q=Q(p) (p-p method). This al lows spec i f i c  roots  
of i n t e r e s t  t o  be traced. I n  the state-space 
formulation, a standard eigenvalue problem i s  
solved. 
determination o f  the output t rans fe r  funct ions i n  
the frequency domain formulat ion or by so lv ing a 
generalized eigenvalue problem i n  the s ta te  space 
formulation. 

Examples of the stochast ic responses obtain- 
able are output rms values f o r  loads, cont ro l  
ra tes and deflections, and sensors due t o  a u n i t  
rms input  gust ve loc i t y  o r  cont ro l  def lect ion.  
Power spectral  densi ty p l o t s  of the outputs a l so  
may be generated. Output s e n s i t i v i t i e s  t o  changes 
i n  speci f ied parameters such as contro l  l o g i c  f i l -  
t e r s  may be obtained by approximate f i n i t e  d i f f e r -  
encing i n  the frequency domain formulation. 
s e n s i t i v i t i e s  may be obtained by closed form 
p a r t i a l  d i f f e r e n t i a t i o n  of steady-state covariance 
performance indices i n  the state-space formula- 
t i on .40 

Output and s ta te  time h i s t o r y  response due t o  
a determin is t ic  input  such as a d iscrete gust o r  a 
step contro l  input  may be obtained. I n  the f r e -  
quency domain formulation, t h i s  i s  accomplished by 
computing the inverse fast  Four ier  transform o f  
t he  output Four ier  transform o f  in terest .  I n  the 
state-space formulation, t h i s  can be accomplished 
using a block diagonal form o f  the t r a n s i t i o n  
matr ix  and a convolution in tegra l .  

Zeroes may be ca lcu lated by standard r o o t  

The 

Performance, s t a b i l i t y ,  and robustness cha- 
r a c t e r i s t i c s  may be determined f o r  both SISO and 
MIMO systems by frequency domain computations. 
Gain and phase margins as wel l  as s t a b i l i t y  can be 
obtained f o r  the SISO contro l  system from t r a d i -  
t i o n a l  t lyquist and/or Bode p lo ts .  Analogous MIMO 
s t a b i l i t y ,  performance, and robustness in format ion 
may be determined from c e r t a i n  s ingular  value and 
generalized Nyquist p lo ts .  Computations of eigen- 
values and minimum and maximum s ingular  values o f  
the re tu rn  d i f ference and loop gain t rans fe r  
matr ices may be obtained from e i t h e r  the frequency 
domain o r  state-space formulat ion o f  the system. 
Frequency responses o f  these var iables as wel l  as 
other outputs o f  i n t e r e s t  may be displayed 
graphica l ly .  

DYLOFLEX - Dynamic Loads o f  F l e x i b l e  
Airplanes w i t h  Act ive Controls. 
system o f  computer programs which Performs 

DYLOI-Lt ~ 4 9  i s  a 

dynamic loads. analyses-of f l e x i b l e ’  a i rp lanes w i t h  
a c t i v e  controls.  
domain formulation o f  the equations o f  motion. 
The doublet l a t t i c e  method i s  employed f o r  
ca l cu la t i on  of the aerodynamic forces. 
equations i n  DYLOFLEX are developed using the 
method o f  summation of  forces. DYLOFLEX 
incorporates a range o f  analysis c a p a b i l i t i e s  
which include ca l cu la t i ng  dynamic loads due t o  
continuous atmospheric turbulence, d i sc re te  gusts, 
and d i sc re te  contro l  inputs. The output o f  
DYLOFLEX consists of s t a t i s t i c a l  quan t i t i es  o f  the 
dynamic loads and t ime h i s t o r i e s  of the dynamic 
loads. The ac t i ve  contro l  system equations are 

DYLOFLEX employs the frequency 

The loads 

incorporated by adding rows and columns t o  the 
basic second-order equations o f  motion. 
Therefore, a l l  of the a c t i v e  contro l  equations 
have t o  be expressed as second-order (o r  less)  
equations. 

NASTRAN - NASA Structura l  Analysis Program. 
The c a p a b i l i t y  t o  perform analyses ot an a c t i v e l v -  
cont ro l  l e d  f l e x i b l e  a i rp lane was added 
WASTRAN program i n  1979. 29 NASTRAN emp 
frequency domain formulation o f  the equations o f  
motion. Four d i f f e r e n t  methods are ava i l ab le  f o r  
the ca l cu la t i on  o f  the aerodynamic forces. These 
include the doublet l a t t i c e  method, s t r i p  theory 
method, Mach box method, and p i s ton  theory 
method. The d i f f e r e n t  analyses avai lab le inc lude 
f l u t t e r  analyses, t rans ien t  response, and random 
response analyses. Act ive contro l  system 
equations are incorporated i n  a s i m i l a r  manner as 
DYLOFLEX where they must be expressed as 
second-order (or less)  equations. 

Synthes;;A$”p;LocS - Synthesis Programs for the 
Design o f  Act ive Controls 

SYNPAC - Synthesis Package f o r  Act ive 
Controls 

PADLOCS - Program for the Analysis and Design 

PADLOCS and SYNPAC are two packages o f  
programs which have been developed a t  the 
NASA-Langley t o  f a c i l i t a t e  the synthesis o f  
cont ro l  laws. Both the MLQG and constrained 
opt imizat ion techniques described previously are 
avai lab le i n  these programs. 
SYNPAC rely heavi ly  on ORACLS50 software f o r  
the LQG por t i on  of the design. 
programs can be used t o  perform nonl inear 
constrained opt imizat ion studies t o  seek an 
implementable reduced-order c o n t r o l l e r  which meets 
a set  of design c r i t e r i a .  The design c r i t e r i a  are 
included as i nequa l i t y  constraints.  Various 
parameters such as rms contro l  ra tes and minimum 
s ingular  values may be included i n  a weighted 
performance index. 

o f  Linear Optimal Control Systems 

Both PADLOCS and 

Both systems o f  

The SYNPAC system makes d i r e c t  use of ISAC as 
shown i n  f igure 9. SYNPAC and ISAC share a 
common data base and data base manager, and the 
DYNAKES module of ISAC i s  employed t o  perform the 
analyses. Consequently, the constrained 
opt imizat ion po r t i on  of SYNPAC can u t i l i z e  e i t h e r  
a frequency domain o r  state-space representat ion 
o f  the p lan t  and con t ro l l e r .  S t a b i l i t y  can be 
constrained w i t h i n  SYNPAC e i t h e r  by eigenvalue 
computations or by computing the number o f  
encirclements of the -1 point  i n  a generalized 
Nyquist diagram. Also i n  SYNPAC, const ra in ts  on 
parameters such as short  per iod damping may be 
included. The performance index i s  a weighted sum 
o f  the squares of the magnitudes o f  selected 
outputs, augmented by one of several types o f  
penal ty functions which incorporate the const ra in t  
v io la t i ons .  The user may se lect  from a non- 
gradient51 o r  several conjugate rad ient  based 
nonl inear programing algorithms4! t o  perform the 
constrained opt imizat ion.  
only the nongradient based a lgor i thm has been 
employed. 
expended t o  develop e f f i c i e n t  code for gradient 

I n  actual  appl i cat ion,  

Consequently, no e f f o r t  has been 
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computations; current ly ,  gradients are computed 
numerical ly by f i n i t e  di f ferences. SYNPAC has 
been employed i n  several cont ro l  law design 
studies. 25,27 

A f low chart  for  the PADLOCS program i s  shown 

Plant 
i n  f i gu re  10. 
representat ion o f  the p lant  and con t ro l l e r .  
matr lces ([A],[Bu, Bw I ,  and [ C l  i n  eq. 8 ) ,  
which could be aeveIo7jfea Dy I S A C  are accepted as 
i npu t  t o  PADLOCS. A feasible d i rect ions,  conju- 
gate gradient algor i thm i s  employed by PADLOCS t o  
opt imize a candidate reduced-order con t ro l l e r .  
Closed-form expressions for  the gradient informa- 
t i o n  are coded i n  PADLOCS f o r  cons t ra in t  and func- 
t i o n  var iables invo lv ing output rms and re tu rn  
d i f f e rence  s ingular  values. S t a b i l i t y  i s  examined 
a t  each i t e r a t i v e  step by so lv ing f o r  the 
eigenvalues. The PADLOCS system has been gmpl yed 
t o  destgn a number of ac t i ve  contro l  laws. 1948 

PADLOCS requires a state-space 

Comparison o f  Analysis With Experiment 

Act ive contro l  experiments (wind tunnel and 
f l i g h t )  have been used t o  va l i da te  analysis,  t o  
evaluate f e a s i b i l i t y ,  and t o  demonstrate predic ted 
benefits. A descr ip t ion o f  the wind tunnel and 
f l i g h t  experiences t o  date w i t h  ac t i ve  contro ls  i s  
given i n  reference 52. 
wind-tunnel experiments have focused on f l u t t e r  
suppression. F1 i g h t  experiments have concentrated 
on the other ac t i ve  contro l  concepts, A few 
representat ive examples of these tes ts  w i l l  be 
described where ana ly t i ca l  r e s u l t s  have been com- 
pared w i th  experimental data. 

Wind tunnel. 

model t ha t  i s  described i n  reference 53. The 
model was designed t o  be tested i n  a low speed 
wind tunnel and therefore no transonic ef fects  
were present. 
was t o  assess the accuracy o f  dynamic analysis 
methods appl ied t o  the ac t i ve  contro l  funct ions o f  
f l u t t e r  suppression and gust load a l l ev ia t i on .  
During the tests,  parametric va r ia t i ons  of cont ro l  
law gain and phase were made and experimental data 
were gathered. 
between the experimental and predic ted s tab i  1 i t y  
boundaries as a funct ion of gain and phase. 
Figure 12 shows a comparison between experimental 
and predic ted gust loads as a funct ion o f  gain and 
phase. The stabi  1 i ty  boundary predic t ions 
employed the state-space formulat ion f o r  the equa- 
t i o n s  o f  motion whereas the gust loads p red ic t i ons  
employed the frequency domain formulation. 
comparison o f  predic ted and experimental r e s u l t s  
ind icated t h a t  a l l  s t a b i l i t y  and gust loads trends 
( i n  terms of garn, phase, and v e l o c i t y )  were 
predicted proper ly  and that  the analysis gave 
r e a l i s t i c  estimates o f  levels.  

wo f l i g h t  t e s t s  o f  ac t i ve  contro l  concepts 
t h a t  involve s ign i f i can t  s t ruc tu ra l  response w i l l  
be discussed. The f i r s t  i s  NASA's DAST (Drones 
f o r  Aerodynamic and Structura l  Testing) program 
which i s  a research program whose primary 
ob jec t i ve  i s  t o  develop and evaluate ac t i ve  
con t ro l  analysis and synthesis techniques. The 
second i s  the ALDCS (Act ive Load D i s t r i b u t i o n  
Control System) which i s  now an operat ional  a c t i v e  

The ma jo r i t y  o f  the 

The wfnd-tunnel example i s  a DC-10 d e r i v a t i v e  

One o f  the purposes o f  the t e s t s  

Figure 11 shows a comparison 

The 

con t ro l  system on the C-5A f l e e t  designed t o  
reduce wing loads. 

A desc r ip t i on  o f  both the ana ly t i ca l  and 
f l i g h t  t e s t  data f o r  the DAST vechic le i s  given i n  
reference 54. A comparison of both frequency and 
damping o f  the dominant mode i s  shown i n  f i g u r e  
13. The analysts and experimental data are f o r  an 
a l t i t u d e  o f  15,000 feet. The change i n  frequency 
w i t h  Mach number i s  predic ted wel l  f o r  both the 
FSS-off and FSS-on cases. 
overpredicts the damping f o r  both the FSS-off and 
FSS-on cases. The experimental f l u t t e r  speed i s  
extrapolated t o  be approximately M 0.80 f o r  the 
FSS-off case. An actual f l u t t e r  po in t  was 
encountered f o r  the FSS-on case a t  M = 0.82. The 
analys is  overpredicts the FSS-off f l u t t e r  speed by 
4 percent and overpredicts the FSS-on f l u t t e r  
speed by 2 percent. 

A descr ip t ion o f  the C-58 ALDCS i s  given i n  
reference 15. Two examples of the comparison 
between analysis and experimental data are taken 
from reference 15. Figure 14a shows the amplltude 
o f  wing roo t  bending moment frequency response 
funct ion.  The f l i g h t  condi t ion i s  300 knots a t  an 
a l t i t u d e  o f  25,000 feet. 
between analysis and experiment f o r  both ALDCS-off 
and ALDCS-on cases. Figure 14b shows a comparison 
between analys is  and experimental data f o r  the 
spanwise d i s t r i b u t i o n  o f  incremental maneuver 
bending moment. The f l i g h t  condi t ion i s  a Mach 
number o f  0.78 and an a l t i t u d e  of 30,000 feet. 
Again, there i s  good agreement between the anal-  
y s i s  and experimental data. 

However, analysis 

There i s  good agreement 

Future Trends 

The fo l lowing i s  a b r i e f  discussion of  the 
authors '  perspect ive on future trends i n  a n a l y t i -  
cal methods. These items are by no means exhaus- 
t i v e  but are only considered t o  be 
representative. 

o f ten t ransonic and the use o f  s u p e r c r i t i c a l  
f o i l s  i s  increasing, the i n t e r f a c i n g  o f  the new 
nonl inear t ransonic unsteady aerodynamic fo rce  
computations w i th  s t ruc tu ra l  dynamics and contro l  
system equations w i l l  become increas ing ly  
i ~ n p o r t a n t . ~ ~  The in te r faces  w i l l  be needed f o r  
both analysis and contro l  law synthesis. I n  the 
contro l  system design area, f u tu re  emphasis w i l l  
be on func t i ona l l y  in tegrated con t ro l  system 
design f o r  t o t a l  mission control .  I n  the robust 
cont ro l  law synthesis area, the general izat ion o f  
the s t ructured s ingular  value problem56, optimal 
p r o j e c t  i on57 and cons t r a i  ned opt i m i  za t i on meth- 
ods f o r  f ixed-order contro l  law synthesis f o r  
both continuous and sampled-data systems w i l l  be 
gaining more at tent ion.  

Since the c r i t i c a l  speed range f o r  f l u t t e r  i s  
a i r -  

Concluding Remarks 

Analy t ica l  methods employed i n  ac t i ve  
contro ls  analyses and design have been described, 
Development of the math models from the basic 
frequency domain equations of motion t o  the s ta te -  
space equations o f  motion have been discussed. 
Both c lass i ca l  and modern contro l  techniques, as 
appl ied t o  the ac t i ve  con t ro l s  problem, have been 
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reviewed. 
been receiv ing considerable a t t e n t i  on recently. 
Tools t h a t  imp1 ement these techniques have been 
described. Future trends toward func t iona l l y  
integrated control  design, sampled-data 
techniques, robust control  law synthesis 
techniques, and the incorporat ion o f  transonic 
unsteady aerodynamics have been iden t i f i ed .  
Examples where ana ly t i ca l  resu l t s  have been com- 
pared w i th  experimental data have been presented. 
For these examples, the comparisons have been 
qu i te  good. However, f o r  these examples, the  
math models employed f o r  the control  law design 
have had the benef i t  o f  previous experimental 
resul ts.  
t i c a l  methods are al lowing ce r ta in  non f l i gh t - c r i -  
t i c a l  ac t i ve  control  functions t o  be considered 
dur ing a i r c r a f t  prel iminary design. 
s iderable work remains t o  be done before math 
models can be used w i th  the necessary confidence 
for fl i ght - c r i  t i c a l  ac t i ve  control  functions. 

A combination of these techniques has 

The advances tha t  have ocurred i n  analy- 

However, con- 
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